We analyze dark solitons supported by second-order parametric interactions between the fundamental and second harmonics in the presence of dispersion and group-velocity mismatch. We reveal various types of solitary waves, including a family of two-wave dark solitons propagating on a modulationally stable background, dark solitons with nonmonotonic tails, and bound states of dark solitons.
It was shown long ago (see, for example, Refs. 1 and 2) that the product of second-order nonlinearities can lead to effective third-order nonlinearities and intensity-dependent light propagation that resemble similar effects for a Kerr medium, although these effects have a different physical origin. However, only recently did experiments confirm 3, 4 that large nonlinearity-induced phase shift, self-focusing, and self-diffraction can be observed in materials with x ͑2͒ susceptibility, as a result of second-order parametric processes. The experimental results have stimulated further efforts in analyzing the various nonlinearity-induced effects that can be observed in x ͑2͒ materials. In particular, it was shown that quadratic nonlinearities can support intensitydependent light propagation in the form of spatial or temporal optical solitary waves. 5 -12 These two-wave optical solitons were recently analyzed numerically, 7 and it was also shown that, for a specific choice of system parameters, an exact analytical solution exists. 6, 8, 9 Recently we demonstrated the existence of a continuous family of two-wave bright solitons. 12 This family includes, as a special case, the exact solution found in Refs. 6, 8, and 9, and in the limit of large phase mismatch it covers the asymptotic solutions given by an effective nonlinear Schrödinger (NLS) equation. 10 Dark solitons in x ͑2͒ materials were discussed in Refs. 10 and 11. The particular solutions for dark solitons were found either for the asymptotic limit of large phase mismatch or zero dispersion of the second harmonics 10 (both cases are described by an effective NLS equation) or as a special class of exact solutions.
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The main purpose of this Letter is to present a theory of two-wave dark solitons in dispersive x ͑2͒ materials and to give a complete set of localized solutions with nonvanishing asymptotics that includes all the particular cases discussed previously (for example, Refs. 10 and 11). We show that second-order nonlinearities can support various types of two-wave dark solitons, including those with nonmonotonic tails and bound states of dark solitons. In particular, we reveal a family of stable two-wave dark solitons that only for a special case can be described by an effective NLS equation.
Considering the interaction of the first ͑v 1 v͒ and second ͑v 2 2v͒ harmonics in a dispersive/ diffractive dielectric medium with x ͑2͒ nonlinear susceptibility, we assume their amplitude envelopes E 1 and E 2 to be slowly varying and derive from Maxwell's equations the system of two nonlinear equations coupled through components x ͑2͒ ijk of the nonlinear susceptibility tensor:
where
2 ͒x ͑2͒ ͑2v; v, v͒, z is the propagation distance, and Dk ϵ ͑2k 1 2 k 2 ͒ is the wave-vector mismatch between the harmonics. Equations (1) generalize the standard equations of second-harmonic generation and describe two different physical situations. In the first (spatial) case, i.e., d 1 d 2 0, j stands for the transverse coordinate and g j 1͞2k j ͑ j 1, 2͒, so that Eqs. (1) take into account the effect of diffraction. In the second (temporal) case, j stands for time, and d j ≠k j ͞≠v j and g j 2͑1͞2͒≠ 2 k j ͞≠v j 2 describe group velocities and groupvelocity dispersions, respectively.
We are interested in stationary solutions of Eqs. (1), when the walk-off effect and the wave-vector mismatch are small and can be compensated because of the nonlinearity-induced phase locking, and apply the exact transformations
where b 1 and b 2 ϵ 2b 1 2 Dk are the nonlinearityinduced shifts of the propagation constant, s jg 1 j͞
, and V ͑d 1 2 d 2 ͒͑͞4g 2 2 2g 1 ͒. Now equations for w and v take the form
where z kz; t ͑jkj͞jg 1 j͒ 1/2 ͑j 2 nz͒, n ͑2g 2 d 1 2 g 1 d 2 ͒͑͞2g 2 2 g 1 ͒; r sign͑kg 1 ͒; s sign͑kg 2 ͒; and a ͑b 2 1 2d 2 V 1 4g 2 V 2 ͒s͞k. Equations (3) are the exact reductions of Eqs. (1) .
For large a, when the derivatives in the equation for v can be neglected, we obtain v ഠ w 2 ͞2a, and Eqs. (3) can be formally reduced to a single NLS equation for w, 10 for which bright ͑r 11͒ and dark ͑r 21͒ solitons are well known. Here we are interested in the general case when a is not large and dispersion is not zero.
Stationary solutions of Eqs. (3) are described by the system of two equations, rw 00 2 w 1 wv 0 ,
for the real envelopes w͑t͒ and v͑t͒. For r 21 and a . . 1, dark-soliton solutions of Eqs. (4) can be found in the form of the asymptotic series in a 21 :
where We can show the importance of dispersion by analyzing the modulational instability of a continuous wave (cw). Such cw solutions are given by the nonlinear eigenmodes known for x ͑2͒ media, 13, 14 and they appear as asymptotic tails of localized parts of dark solitons that connect two cw solutions of the same amplitude but different phase (see, for example, Ref. 15) . Analyzing the linear stability of the simplest cw solution of Eqs. (3), i.e.,
against modulations ϳexp͑iqz 1 irt͒, we reveal two branches for the dispersion relation given by
where 12 Here we consider dark solitons. In the case r 21, s 11, and positive a, we have found numerically a continuous family of dark one-soliton solutions. The dependence v ͑t 0͒ versus a and two characteristic representatives of this family (with monotonic and nonmonotonic tails) are shown in Fig. 1 , in which the dashed curve corresponds to the asymptotic dependence v͑0͒ s͞a found from Eqs. (5) . Dark solitons of this family exist for every positive value of a. However, the modulational instability analysis [see Eqs. (7)] predicts that, at r 21 and s 11, the cw background, which supports these dark solitons, can be stable only when a . 2 and s . s cr ͑s cr ഠ 1.689͒. We have confirmed this conclusion by direct numerical simulations (split-step beam-propagation method). In addition to the straightforward propagation of various slightly perturbed dark solitons, we have also studied the evolution of perturbation eigenmodes. To do this, we linearize Eqs. (3) around the solution of interest and solve the resulting linear equations numerically to find exponentially growing modes.
A simple analysis of the solution asymptotics indicates that, for a , 8, the dark solitons have nonmonotonic tails and may be stable for a . 2. In the analytical adiabatic approach, 16 when dark solitons are considered effective particles interacting through exponentially decaying forces, such nonmonotonic tails produce local minima in an effective interaction potential of weakly overlapping solitons, and therefore a dark soliton with nonmonotonic tails can trap another one. In our problem this qualitative picture suggests the existence of infinitely many families of bound states of two (or more) dark solitons. These solitons have two (or more) intensity minima, so that they are twin-hole or multihole dark solitons. We also investigate the case r s 21 in Eqs. (3), with the corresponding results summarized in Fig. 2 . In this case, instead of a continuous (in a) family, there is only a discrete set of dark-soliton solutions, the simplest of which is the exact solution recently reported in Ref. 11 (for a 1):
which may be considered a dark soliton of the lowest order. However, as follows from the analysis of modulational instability presented above, all dark solitons of this type exist on an unstable background and thus are also unstable (this result has also been confirmed by direct numerical simulations). It is important that each solution found in this case exists only at one particular value of a (see Fig. 2 ). These solutions can be treated, at least qualitatively, as a two-soliton or multisoliton bound state, although we have not found any example of a single dark soliton for r s 21 in Eqs. (3) . Thus for this case Eqs. (5) do not give even a qualitatively correct result. This situation resembles the case of the NLS equation with a third-order dispersion term, in which a single bright soliton always radiates weakly, with the radiation amplitude being beyond all orders 18 ; however, a pair of such solitons can exist as a quasi-stationary (but unstable) localized state at certain values of the system parameter because of the suppression of radiation outside the localization region. 19 It is also interesting to note that, for the case r 11 and s 21 in Eqs. (3), we have found a set of stationary bright localized solutions that also exist only for certain discrete values of the parameter a, i.e., solitons again do not form a continuous family. The simplest soliton solutions of this kind are known in an explicit analytic form [see Eqs. (15a) and (15b) of Ref. 9 ], but there are also other (more complicated) stationary solutions. These solutions can also be treated as bright two-soliton or multisoliton solutions bound by mutually trapped radiation. However, our numerical simulations indicate that all solitons of this kind (including the exact analytic solution found in Ref. 9 ) are unstable to small perturbations (any small change of the soliton shape releases the trapped radiation).
In conclusion, we have demonstrated that a variety of dark optical solitons can be supported by secondorder parametric interactions between the fundamental and second harmonics. For the case of the opposite dispersion coefficients in Eqs. (1), we have found a family of two-wave dark solitons that are described by an effective NLS equation only in the limit of large nonlinear phase mismatch. We have shown the existence of dark solitons with nonmonotonic tails and, as a consequence, bound states of dark solitons. We have also investigated the stability of dark solitons by means of numerical simulations and by analyzing modulational instability of the cw background that supports these solitons.
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